
Ax = b

=, Matriy-column = lolumn . linearcombinitionofcolumns
Kight , do column operalions

[anc ] […
篮

“ Fak , +bR , +cR
3 ,Ron Matrix = Row ,

linear combinition of rows
oft , do romoperations

解 N无 N次官猩组 : 高斯消元 Elimination > 货巨阵表达 ;

( Ax = b ]

AB = C . cij = ion i of Al . (6 lj of B]

[
.

I 崎
"

= " | ! II " C = AB. Ca = A . B… CiisalinearcombinationofA 'scok ,

Colamns ofC are com bination of Columns ofA .

chappter 3 Vector spaces and Subspaces

AX = b
, ifbisin A

'

s column space , 有解 。

入做 A的列的线性组合

A , 仅A ,H也会得到相同的例空间1A >=Aitltey

A 1 , Az是 pivotColumn

NallspaceAx = O 的所有解 x

,b ]

l↓…oi!
Ho =

0
, Aw =

0
,aAl tbw ) = O 日 Indeed a vector space

if bfo ,
λ s 不会形成 vecton sdace

form asubspace ; psome vectons , take linear combinations
,

一

② x= 0 , Xsforma subspace, which is a vallspace



Solving Ax = O
DelimiMation

d
蟹 ② special solutions

* =説]Ax= 0ballspace unchange i门 let X2= 1 , λ4 = 0

column 2 is .
.Vectorspce change x = c [ !

"

] X2 = G ,X 4 =

ii ) Let λ2 = 0 Xa = 1”…“ 2 pivots⇒ TheRankofA is2pivot的数量 、 X=C[ X4= C2 X 2 = 0
二

UxUx = O=O

S0
,
x = c,[] + c 。I] , done

pivat column fee columnX 2
,X 4的蟹为任意值 好( , λ4)= (C , Ca ) → Every Mamber

IBivot 2 free Vapiableg

Matrix mxh ,
kank r

, free vars = n- r

Realuced row echelomform

,况 Letpivotstobe 1
做② 方便

zeros both above and belowthepivots RX=

pivotlidentity part : 「 !
0

, ] = I
free part : [ o 兰 I = F

R = I 結 I to soloe RX= 0
,
so X , form aNnlspacel , St . RN = O ,

N = I[ !
[IFI [

*

"
fue
I = 0 , Xpioot =

- 卡 . Xfree

Solving Ax = B

[ A b ] Augmented Matrix

,
占品 zb .

⇒0=bs - br-bitohavesolutionsT言 I l 1
Ks - R.

0000
—

arorowsc-

s-brb—
nasto,

sokvability ofAx =⑤: b isin theC ( A)column spaceofA

⇒ If a combinatioh of rows of A giveszerorows ,thenthesamecombofentriesof bmustgiveo

Let' sfindthesolation[s]
0 Set free vars (X . , X 41 to zero .give X 1

=-
2 ,X 3 =

3 ,I] = Xparticalar



②solveAx = 0 ⇒XoulkAXNnll = 0 , AXp = b
时

③ X = Xsunll + XBarticular txp+(×0 ) = b

whyitgives all thesolufions ?

ma n Matrix with M Bank r≤ m , N ≤m

Fall Rank

① full cslumn rank ,
r = M ' n pivot vans ,nofreevars . XN= O

for Hx = b ,
X = Xp 唯一/无解

② full rom rank , r= M , m pivot vars , H-mfree vars

Back to Ax = b
1 ) r = m = nFullkank .Invertibledhatrix A 1solutiIn 及 = I

ii) r = m an R = I FI specially .

xsolutions

ii) r = n < m 反=] ,
olisolution

iv) <m , rah ofxsolutions

Vector independence
GiN + Ea 20 t … + Cnn to , for t.. Cn, C

…Cu不全为0Ifthere is a zero vector
, they cam' tbeindependent

A = [V ,Vs , …UnI
,

Ax = O 3 x= 0 Ʃ3 U
,
. Un are independent

Ʃ) A' snallspaceonly
Ʃ) r = n

, Mofree vars

vectors span a sbace take all linear combinations of thesh rectors

Basis for d pace; a sequence of vectors : p span the space ② independent

Dimension tor a space with 10 demension , all basis have N vectons ,

For R
"

,
[Vi … UnInanis invertibleƩ 7V .. Uni 's the basis ofka

rank ( A ) = #pivot cols = dimension of ((A ) fHow tofind basisifweknowBIm ?

For Null space ?

dim N (A ) = #fre = n- 州



4 Subspaces
[ CA了 R傳 Basis : pivot cols , rdimension

U (A ) R
“

special solutions h-r #free variable! ? dim {/UA1 ) tdimR(A)) =# cals

R (A)= CA) R
"

In R Matrix r
, Rank (A 7 = Kank (AT 1 = dim C)) = dim ( R[A ) )

NCAJ 级 M- H

also called left null SBGce

AmIInamI Inan EmxnI ←) EA = R
, sp , E = A

1

, R = I


